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Adiabatic Quantum System =/

Schrodinger equation

z%hﬁ(t)) = H (i) 1(t)) T — oo : Adiabatic limit

« Quantum Control

Intelligent Computing Adiabatic approximation :

EEEEEEEEEEEEEEEEEEEEE

9 (to)) = | Bn (t0)) = [(2)) e T B:C) | g, (1))

Quantification of Robustness, Leakage, and
Seepage for Composite and Adiabatic Gates on

Modern NISQ Systems ( H (%) E, (t)) = E, <%) |En (8)) )

Kajsa Williams'?" and Louis-S. Bouchard">*"  (2024)

Dynamical phase
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Singular Perturbation Theory

Schrodinger equation

i— [ (2)) :H(?)Iib(t)) > ot

[9(7)) = H(T)|3(7))

As T — oo, order of differential equation changes — Singular perturbation theory

For example: One-dimensional stationary Schrédinger equation (A — 0 : WKB approximation)

(- g s + V(@) [9(0)) = Blo(a)

2m dzx?
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Airy Function

2

Airy Equation: (_8_ + 772:1:) Y(z,m) =0, n>0 €

1.3 2/3
— g8 +sn” e

Ox?

Solutions: ¥(z,n) = A/ e 38 T T g

C;
Example: Ai(n*3z) = %/ e 35 s T g g
e C,
WKB solutions :
Vi(z,n) = m_%ei%m’%

- Up to 0(n°) in the asymptotic expansion

- Irreqular singularity at x = oo
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Asymptotic Behavior of the Airy Function

Ai (772/ 3:1:)

W‘ﬁ—(wﬂ?)
s (Y- (2,m) +

i¢+($, 77)

r — OO

r — —O0O

1014

100_

10714

10—2_

10734

- |Ai(n2/3x)|
----- ly-|
e - i ]

When does this discontinuous change occur when x is a complex variable?
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Stokes Phenomenon

Wﬁb—(wﬂ?) T —r OO

Wlnl/s(w—(man) -+ ’“P+(33,77)) r — —00

Ain?Pe) = — [ e 3 gs {
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Stokes Phenomenon e 7) o= e
1
Ai(/r’2/3x) — L e—%33+3n2/3wd8 N 2\/%1171/6 w—(w, 77) | T — 00
o Jo s (Y (@) + i (2,m) x> —oo

S

(-

Exponentially large
due to the contribution from the saddle point

|
(s

Exponentially small
because the contour avoids the saddle point

21 .
At argx = Py Y_(x,n) becomes dominant
— an exponentially small, discontinuous change occurs

Stokes phenomenon
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Stokes Diagram for Airy Function Ya(@,m) =2 e
arg x = 2_71'
Stokes phenomenon: 5 ( _) 3 I
V- (a,n) = ¥ (e, + v (@n) (M- D) ka

¢_($, 77) — %b— (517777) T ’i¢+(33, 77) (II — III) Region 1

cut argx =0
Counterclockwise: ﬁe(+)

( dominant ) — ( dominant ) 4+ ¢ x ( subdominant ) Region i :
Region |

Stokes lines:
Region where the Stokes phenomenon occurs

: Lo 2
Turning points: argx = ——

The points from which Stokes lines emerge
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Key Results of Exact WKB Analysis

o? . 27
(——+n Q(w))@b(w,n)=0, n>0 argx = —-
Ox? 3
(—) Im4 B
Turning points: Points x, where Q(x.) = 0
Stokes lines: Region Il
: e x cut argx =0
The set of points x satisfying Im fxC\/Q(s)ds =0 > (+)
Region I .
% WKB solutions: ¥, (x, x., 1) ~ exp (i f; n\/Q(S)dS) Region |
For Airy equation, turning points: x, =0
X 2 (_)
Stokes lines: Imj0 s/2ds ==Imx3/2 =0 arg x = _2?”
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Key Results of Exact WKB Analysis

2
(—% + n2Q(w))¢(w,n) =0, >0
I

Turning points: Points x, where Q(x.) = 0

Stokes lines:

The set of points x satisfying Im f; VQ@(s)ds =0

Theorem:

If three Stokes lines emerge from a turning point

and each extends to infinity without intersecting any
other turning point,

then the connection formula is the same as that of the

Airy function.

Takayuki SUZUKI

N<I§7?

_2m
argx = 3
(—) Im 4 B
Region I
cut argx =0
()
Region Il ,
Region |
(=)
_2m
argx = ——

11



Ncl§7?

Table of Contents

* Introduction
- Airy function and Stokes phenomenon

- Exact WKB Analysis of a Two-Level System in the Adiabatic Regime

- Application to Optimal Control

Takayuki SUZUKI 12



TS, Taniguchi, lwamura, PRA (2024)

NI{7?
Analysis of the Nonlinear LZSM Model in the Adiabatic Limit =/

(Nonlinear) Landau-Zener-Stiickelberg-Majorana model:

o 9(tm) = nH@ (), ¢ € [t tr]

B (8) = 12) K=1 B (8) = 1)

H(t)=t"o,+ ko,, (n=13,5,---) 6

Adiabatic limit : n —» oo

n 2_
(+ iZwray-m (D), r-m) 3 —r=t
: 8’7' X n v 1)) n % 0 -3
'L%’_Z_ . .
Goal: To approximate the time-evolution operator _4] Adiabatic
-6 .
Note: In the adiabatic approximation, —2 ? 2
(E+(tr)|U (tr,tr) |E- (t1)) ~0 (o:11) = (1), o:2) = —[2))
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WKB Solutions for the Nonlinear LZSM Model &

iyt m) = nHO(E ), H(t) = "0, + how, (n=1,3,5,--)

1 vt = (207)

(8—2 + (E2(t) + %int"l))a(t,n) =0, E(t)=Vtn+ k2

Ot?

N—"

WKGB solutions :  @; (t,t0,m) = \/%exp ((—1)”'+1 /t: (inE(S) — nsn_l)ds) (G=1,2)
¥

|;(t,to,m)) = (%((_l)j;(t) 3 t”)) ;J(t) exp ((—1)j+1 /t: (z’nE(s) - Z;n(;; )d3> (j=1,2)
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Stokes Diagram for the Nonlinear LZSM Model

WKB solutions :

b;(t, to, 7)) = (%((_1)3,]15(75) B t”)) ;(t) exp ((—1)j+1 /t: (z‘nE(s) - Z;Z; )ds)

Turning points: | V
E(t) = 0= tosy = e ar : ' =

(m:(),]_,...,

Stokes lines:

Re /t E(s)ds =0

tc,i,m

Re(t)
Solution — Fujimori, et al. arXiv:2504.12838
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Connection Formula for the Nonlinear LZSM Model

|¢1 (ta tC,—,27 77)) — I'l)bl (t7 tC,—,27 77)> —1 |¢2 (ta tC,—,27 77)>7 |¢2 (t7 tC,—,27 77)> — |¢2 (t7 tC,—,27 77)>
|¢1 (ta tc,—27 77)> 1 — |¢1 (ta tC,—27 77))
~ (|¢2 (t7 tc,—2a 77)>) ~ (O 1 ) (|¢2 (ta tc,—2a 77)>)
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Connection Formula for the Nonlinear LZSM Model

Y2 (L, te42,m) — |2 (Eter2,m) +i|Y1 (Lt 2,m)), |1 (Eter2,m) — |¥1 (e 2,m))
N <|"7b1 (t7 tc,+,27 77)>> . (]- O) (l"vbl (ta tc,+,27 77)>)
|¢2 (t7 tc,—i—,2a 77)> 1 1 |¢2 (ta tc,+,27 77)>
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Connection Formula for the Nonlinear LZSM Model

(i) = 70 s wnion) i)

= N (a,b)

ns-”

R;(a,b) — exp ((—1)9'+1 / binE(s)ds>, Q;(a,b) = exp ((—1)3‘ / b QET;S; ds)
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Connection Formula for the Nonlinear LZSM Model

hbl (ta tr, 77)> - |¢1 (ta te,—2, 77)>
(|¢z(t,t1,n)>) =Ntnte-2) (wz(t,tc,,z,n»)
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Connection Formula for the Nonlinear LZSM Model

Wl(t,tbﬂ») B <|¢1(t,tc,,2, n)
<\¢z(t,t1,n)> =N te2) {1t t0pym)

)
)
— N (tr,te_2) (é _1Z) Gzlg

)

tyte,—2,7))
tyle,—2,7M )>)
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Connection Formula for the Nonlinear LZSM Model

|¢1(t7t1777)> _ "wl(tatc,—% )
<|¢2(t,t1ﬂ7)>) = Ntnto-) (|¢2(t b aym)

)

)
o) (Sl
= N (tr,te o) (

1 —i |
N(te,—2,tc
O 1) ( ’ a2 a+,2) (|

wl (ta tc,—|—,27 77)>)
¢2 (t7 tc,—l—,27 77)>
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Connection Formula for the Nonlinear LZSM Model

1(t,te+2,m) )
2(t, te+2,1M)

°) (ot rc )

s}—l\@\@\/
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Connection Formula for the Nonlinear LZSM Model

lttc—|—27 )
2ttc+27
O) (|¢1 t tc—|—2 77>
1 |¢2ttc—|—27 >
) 1 —3 1 0 ‘¢1(t7’
NtI7 c,—,2 (O )N c,—,29 c+2 (’L 1) c+27 )<|¢2(t,’ )>)

Nl—‘g@\/

Takayuki SUZUKI
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Transformation to Unitary Time Evolution

1 —1 1 0
N(tI7tc,—,2) (0 1Z)N(tc,,27tc,+,2) ( 1)N(tc,—i—,27t,)

=N (tr,tr2)N (tr2,tc—2) =N (o2 tr2)N (tr2,t") I

N(a,b) = (Rl(“’ b)OQl(“’ ) R b)OQ2 o b)), PH{(o.) = s ((—1)3'+1 / bz’nE(s)ds), Deflen ) = ((—1)3' / i ds)
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Transformation to Unitary Time Evolution

1 —1 1 0
Nitrste-a) (o 3 W laartaa) (; 3 )N (o)

1 1
— N(tI,tr,2)N (tr,27tc,—,2) _N( ¢y 529 TZ)N (t"%27t,)v
~ N (tr,tr2) _

5 1 _ZR2 ( 7,29 c—Z)Ql ( r27tc,,2))
ZR% (tc,+,2, tr,2)Q% (tc,+,2a tr,Z) 1

XN (tr’g,t,)

L Rl(a7 b)Ql(aa b) 0 . j+1 b ; _ o j b nsn—l
N(a,b) = ( . Ro(a,b)Qa(a, b))’ Rj(a,b) = exp ((—1) /a an(s)ds), Qj(a,b) = exp ((—1) /a 2B (5) ds)
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Transformation to Unitary Time Evolution

1 _ZRz( r27 c,— 2)’)"2 (tr 27tc—2)
N (1t ( L ”)/\/tr,t’
rbr2) iR2 (to 2, tr2)7? (tos.artr2) 1 (tr2:t)
1 —iR? (tro,te—2)Q3 (tra,te_2)
=R (t1,t,2)Q(t1,0)Q (0, t, L ! ! )R tro,t)Q (tpa,t'
(I ,2)Q(I )Q( 2)<R%(c+2a r2)Q1(c+27 7'2) 1 ( 2 ) ( 2 )
. Rl(a,b)Ql(a,b) 0 Rl(a b) 0 .
Wty = (75 meeey) "= ("7 men) @@= o)

Rj(a,b) = exp (( )ﬁl/a nE(s )dS), Qj(a, _eXp( ? ab 121;”(3; )
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Transformation to Unitary Time Evolution

]. _ZRz ( r 27 C,— 2)7’% (tT,27 tca_,2)

N (tr,tr2) (
o ZR% (tc,+,27 tr,2)7°% (tc,+,2> t’f‘,2) 1

)/\/ (tr2,t)

1 _.R2 r,29 c 7,29 c
:R(tf,tm)g(tf,())g(o,tr,z)(R( iRT (tr2,te,-2)Q7 (tr2ste,— 2)
1

R (tr2,t')Q (tr2,t'
c+2’ ”’2)Q1(C+27 7‘2) 1 ) ( 2 ) ( 2 )

R (tr,27 t,) Q (07 tr,2) Q (tr,27 t/)

1 _ZR% (tr727 tC,—,2)Q% (07 tca_a2))

=R (tb tr,2) Q(tfa 0) (
iR (tes2,tr2) Q7 (te12,0) 1

N(a,b):(Rl(a,b)OQl(a,b) Rz(a,b)o%(a,b)), R(a,b):(Rl(a,b) 0 ) Q(a’b):(Ql(a,b) 0 )

Takayuki SUZUKI 27



,%69

Transformation to Unitary Time Evolution

1 —iR? (tr2,te,—2)77 (tr2ste,—2)
N (tr,t ( L ”)Ntr,t’
C8r2) GR2 (1 oyt (b ) 1 (£ 1)
1 _iR2( r27 c,— Z)Q ( 7’27 c,— 2)
=R (t1,tr2)9(tr,0)Q (0, ¢, ! ! ’ )R tro,t)Q (tya,t'
% ”gI)Q(’”Qﬁmﬁwwmﬂmﬁmg 1 (b2, #) Q (b2 )
1 4muﬁﬁqmﬁmn40 , ,
_— r 3 ’ 7 T R T,49 07 T T,49
RWJ”q”m(MHmmwﬁ@uH%m 1 (b )20 1) (tr: )
=. T(tQ)
=R (tla tr,2) Q(tIa O)T (t2)R (tT',27 t,) Q (07 t,)
~ (Ri(a,b)Q1(a,b) 0 ~ (Ri(a,bd) 0 ~ (Q1(a,d) 0
N(a’b)_( 0 Rz(a,b)Qz(a,b))’ R(a’b)_( 0 Rz(a,b))’ Q(a’b)_( 0 Q2(a,b))
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Transformation to Unitary Time Evolution

(|¢1(tat1ﬂ7)>)

|¢2(t7tI777)>
/ / |¢1(t7t,777)>
— Q(tr,0)R(tr,tr2)T (t2)R(tr2,t)Q(0,t") ( ,
I Adi;batii : Adiaiatic |¢2(t’t ’T’)>
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Transformation to Unitary Time Evolution

([t

— Q(tr, O)R(tr, tr2)T (t2)R(tr2,t)Q(0,t") (

Adiabatic Impulse Adiabatic

|¢1(t,t’,77)>) E
|¢2(t7t,777)> Ty

-6

t'r,j 0 nsn—l
R} (te jrtr;)Q7 (ter j,0) = exp 2/ inE(s)ds | exp —2/ ds
tetj Letj 2E(8) -
Re(t)

te,—j
— (~1)fiexp (—2771m E(s)ds> = R} (trjte 5)@2 (0,0 )

tr,j

1 —iRY (trj,te,—5)Q1 (0, te— ) ( w1 [* ns™!
"), Ry(a,b) = —1J+1/'E d), (a,b) = e (—11/ d)
el : ): Bitad) = exp (-1 [ in(o)ds), Qsant) = emp (-1 [ 3

Takayuki SUZUKI 30
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Transformation to Unitary Time Evolution

([t

— Q(tr, O)R(tr, tr2)T (t2)R(tr2,t)Q(0,t") (

Adiabatic Impulse Adiabatic

|¢1(t7 t,7 77)>)
[¥a(2,,m))

— Q(th O)R (tIa tr,Z)T (t2)R (tr,Za tr,l)T (tl)
XR (tr1,tr0)T (to)R (tro,tr)2(0,tF) (

le(ta tr, 77)>
|¢2 (ta tr, 77)>

Adiabatic-Impulse approximation

awn= (450 ) atmn-on(c [ tisa)
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Transformation to Unitary Time Evolution

([t

— Q(tI7 O)R (tb tr,2)T (t2)R (t'r',27 tr,l)T (tl)
R (trts bro) T (£0) R (trg, £2) (0, £0) (

|¢1(t7 tr, 77)>)
|¢2 (t7 tr, 77)>

|¢1(t,t’,n)>> _ ( exp (ftf inE(s) ds) |E_(t)) )

Vot tm)) \exp (- imB(s) ds) | B (1)

Q(0,t") (

[4;(t, to,m)) = (%((_1);?(75) B t")) ;(t) exp ((—1)j+1 /t: (z’nE(s) _

awn= (457 ) atmn-on(c [ e
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Transformation to Unitary Time Evolution

([t

— Q(tb O)R (tb tr,2)T (tZ)R (t'r',27 tr,l)T (tl)
XR (t,«,l, tr,o)T (to)R (tr,o, tF) Q(O, tF) (

I"pl(ta tF7 77)>)
[Ya(t, tr,m))

|¢1(t,t',n)>> B ( exp ([ inE(s) ds) | B (2)) )

[Pa(t,t',m)) exp (— ftf inE(s) dS) EL (1))

Q(0,t") (

<|E—(t1)>
B4 (tr))

TS, Taniguchi, Iwamura, PRA (2024)
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TS, Taniguchi, lwamura, PRA (2024)

N<I§7?

Interpretation of Adiabatic-Impulse Approximation

B (7)) = e PO B (tp)) + n_l(—1>k|e""f5’"’k Blajds g =1 J Blo ~2nlim DB gy (g )
= Dynamical phase Transition amplitude

g
6
4.

E’ Q0]
—2 1 [~ ]
4
—6
-8 tr,2 tr,l tr,()

-2 -1 0 1 2
t
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“Time-dependent Resonance” Hamiltonian

n—1
H(t) = |t"+ Z Ag(t) sin ¢ (t, tr,k)) 0, + Koy
k=0

Free Hamiltonian : H(t)

Ai(t) = 8 ‘
0= %0 N/
5(t) = /12" + K2 ) z —_

¢ - ———
¢t,t0=2/£sds / \

( ) to ( ) :8 tr,2 tr,l tr,O

Conclusion

TS, PRA (2025)

/VC/§7?

t+ Ao (t) sin ¢ (t, tr,())

a
5]
0l
_2-
i
-4 =2 0 2 4
t

In the adiabatic region,

only the free Hamiltonian — transition probability =~ 0
Hamiltonian with an appropriate a;, — transition probability = 0 (= optimal control)

Takayuki SUZUKI
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Analysis of Dynamics

n—1

H(t) — (i;i"' Z Ak(t) sin ¢ (tatr,k)> O, 1+ KOy

TS, PRA (2025)

N<I§7?

Transition amplitude (up to 1st order)

Pe =~ ‘<5+ (Er)lU (5, t0) |- (t0)) — i (€4 (tr)IU (tr,tr)

/

Oth order : Exact WKB analysis

1st order

2

Adiabatic approximation

n—1

. plrk i [tF
~ 2 :ezftf S(s)dse zftr,ké'(s)ds

k=0

tc,+,k
((_ 1) k6_2 Im ftr,k E(s)ds

Takayuki SUZUKI

tr

K tF n—1 .
~ 8_7’ tr 8( ) E euﬁ(tr,kat.f)
k=0

H(t)

tp 2

F(s)ds|E_(tg))

n—1
F(s) = UT (s,tr)o.U(s,tr) ZAnk ) sin ¢, (s, tr k)
k=0

tp g

tr 82(8)

ds

2

ark [ ds
£%(s)

2 Jy
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TS, PRA (2025)

. . n—1 NCI§7?
Analysis of Dynamics H(t) = Q;+ ) Ai(t)sing (¢, tr,k)> 0, + Koy

.. . — H(t)
Transition amplitude (up to 1st order)
2
_ 2 tr 62(8)

g
6
"
2 ,

R 01
4
6.
-8 tr,2 t'r,l tr,()

-2 -1 0 1 2
t

By choosing an appropriate «j, the transition probability can be made 0.
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TS, PRA (2025)

/VC/§7?

Quantum Optimal Control

Optimal control: the variation of the functional is zero sragy, et al. pRL (2021)

T

J|2(2)), (k(t)], u(t)] = (z(T)[Hc|x(T)) +/

-T

dt ((k(t)| {—% - z’H(t)] z(t)) + c.c. )

H(t) =u(t)o, + koy, Hc=uy(tr)o,+ Koy

- Initial state: ground state
trp = —tr =95, k=0.5

1.01
4- Uopt () ,
***** e 0.8-
2<
o ~ 0.6
~ 0 =,
S 04
_2-
0.2
_4-
0.0
-4 -2 0 2 4 -4 -2 0 2 4
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TS, PRA (2025)

Comparison of Optimal Control and Time-Dependent Resonance Protocol

N<I§7?

Fitting result of optimal control

tFZ—tI=5, k=1.5

100j —— k=075 —-w-rk=1.25
T ] --a—- Kk =1.0 --o- K =1.D
= o ¢+ oo
3 ..................................................................................
| S DU S0, Sotetet seriri. et S e T o
= S 107
§* L\*__*__‘__k_-‘__‘_-‘__*_-‘
S 1 e
....... \.- o -’_ o, Pty TETIERY TITNLY TRERLNY RCNEN SRR S
10 20 30 40
lp
Solid : optimal control Dotted : time-dependent resonance

Dashed : time-dependent resonance

The two coincide in the long-time adiabatic limit
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