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Adiabatic Quantum System

Schrödinger equation

𝑇 → ∞：Adiabatic limit

・Quantum Control

(2024)

Adiabatic approximation：

Dynamical phase
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Singular Perturbation Theory

Schrödinger equation

As 𝑇 → ∞, order of differential equation changes → Singular perturbation theory

For example: One-dimensional stationary Schrödinger equation （ℏ → 0 : WKB approximation）
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Airy Function

Airy Equation:

Solutions:

Example: 

WKB solutions：

・Up to 𝑂(𝜂0) in the asymptotic expansion
・Irregular singularity at 𝑥 = ∞

𝐶1

𝐶2

𝐶3
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Asymptotic Behavior of the Airy Function

When does this discontinuous change occur when 𝑥 is a complex variable?
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Stokes Phenomenon

𝐶1 𝐶1 𝐶2

𝐶3
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Stokes Phenomenon

𝐶2

𝐶3

Exponentially large 
due to the contribution from the saddle point

Exponentially small 
because the contour avoids the saddle point

At arg 𝑥 = 2𝜋
3

, 𝜓−(𝑥, 𝜂) becomes dominant 
→ an exponentially small, discontinuous change occurs

Stokes phenomenon

𝐶2

𝐶3
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Stokes Diagram for Airy Function

Stokes phenomenon:

Region I

Region II

Region III

𝐚𝐫𝐠 𝒙 =
𝟐𝝅
𝟑

𝐚𝐫𝐠 𝒙 = −
𝟐𝝅
𝟑

𝐚𝐫𝐠 𝒙 = 𝟎cut

Stokes lines: 
Region where the Stokes phenomenon occurs

Turning points: 
The points from which Stokes lines emerge

Counterclockwise:
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Key Results of Exact WKB Analysis

Region I

Region II

Region III

𝐚𝐫𝐠 𝒙 =
𝟐𝝅
𝟑

𝐚𝐫𝐠 𝒙 = −
𝟐𝝅
𝟑

𝐚𝐫𝐠 𝒙 = 𝟎cut

Turning points: Points 𝑥𝑐 where 𝑄 𝑥𝑐 = 0

Stokes lines: 

The set of points 𝑥 satisfying Im׬𝑥𝑐
𝑥 𝑄 𝑠 𝑑𝑠 = 0

For Airy equation, 

Imන
0

𝑥
𝑠1/2𝑑𝑠 =

2
3
Im 𝑥3/2 = 0

turning points:

Stokes lines: 

𝑥𝑐 = 0

※WKB solutions: 𝜓± 𝑥, 𝑥𝑐, 𝜂 ∼ exp 𝑥𝑐׬±
𝑥 𝜂 𝑄 𝑠 𝑑𝑠
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Key Results of Exact WKB Analysis

Region I

Region II

Region III

𝐚𝐫𝐠 𝒙 =
𝟐𝝅
𝟑

𝐚𝐫𝐠 𝒙 = −
𝟐𝝅
𝟑

𝐚𝐫𝐠 𝒙 = 𝟎cut

Theorem:
If three Stokes lines emerge from a turning point 
and each extends to infinity without intersecting any 
other turning point, 
then the connection formula is the same as that of the 
Airy function.

Turning points: Points 𝑥𝑐 where 𝑄 𝑥𝑐 = 0

Stokes lines: 

The set of points 𝑥 satisfying Im׬𝑥𝑐
𝑥 𝑄 𝑠 𝑑𝑠 = 0
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Analysis of the Nonlinear LZSM Model in the Adiabatic Limit

Adiabatic limit：𝜂 → ∞

(Nonlinear) Landau-Zener-Stückelberg-Majorana model:

Goal: To approximate the time-evolution operator Adiabatic

Note: In the adiabatic approximation,

TS, Taniguchi, Iwamura, PRA (2024)
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WKB Solutions for the Nonlinear LZSM Model

WKB solutions：
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Stokes Diagram for the Nonlinear LZSM Model

Turning points:

WKB solutions：

Stokes lines:

Solution → Fujimori, et al. arXiv:2504.12838 
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Connection Formula for the Nonlinear LZSM Model
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Connection Formula for the Nonlinear LZSM Model
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Connection Formula for the Nonlinear LZSM Model
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Connection Formula for the Nonlinear LZSM Model
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Connection Formula for the Nonlinear LZSM Model



Takayuki SUZUKI 21

Connection Formula for the Nonlinear LZSM Model
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Connection Formula for the Nonlinear LZSM Model
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Connection Formula for the Nonlinear LZSM Model
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Transformation to Unitary Time Evolution
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Transformation to Unitary Time Evolution
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Transformation to Unitary Time Evolution
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Transformation to Unitary Time Evolution
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Transformation to Unitary Time Evolution
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Transformation to Unitary Time Evolution

Adiabatic Adiabatic 
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Transformation to Unitary Time Evolution

Impulse Adiabatic Adiabatic 
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Transformation to Unitary Time Evolution

Adiabatic-Impulse approximation 

Impulse Adiabatic Adiabatic 
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Transformation to Unitary Time Evolution
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Transformation to Unitary Time Evolution

TS, Taniguchi, Iwamura, PRA (2024)
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Interpretation of Adiabatic-Impulse Approximation
TS, Taniguchi, Iwamura, PRA (2024)

Dynamical phase Transition amplitude
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“Time-dependent Resonance” Hamiltonian

Free Hamiltonian：

Conclusion

In the adiabatic region, 
only the free Hamiltonian → transition probability ≃ 0
Hamiltonian with an appropriate 𝛼𝑘 → transition probability = 0 (≃ optimal control)

TS, PRA (2025)
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Analysis of Dynamics

Transition amplitude（up to 1st order）

0th order：Exact WKB analysis

1st order

Adiabatic approximation

TS, PRA (2025)
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Analysis of Dynamics

Transition amplitude（up to 1st order）

TS, PRA (2025)

By choosing an appropriate 𝜶𝒌, the transition probability can be made 0.
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Quantum Optimal Control

Optimal control: the variation of the functional is zero Brady, et al. PRL (2021)

・Initial state: ground state

TS, PRA (2025)



Takayuki SUZUKI 40

Comparison of Optimal Control and Time-Dependent Resonance Protocol

Solid：optimal control
Dashed：time-dependent resonance

The two coincide in the long-time adiabatic limit

Fitting result of optimal control

Dotted：time-dependent resonance

TS, PRA (2025)
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